We show that relative beam displacement measurements with two-mode squeezed light sources are identical to truncated SU(1,1) interferometers, enabling a new quantum-enhanced atomic force microscopy suitable for broadband characterization of high-speed dynamics in materials. We generalize the equivalence between interferometry and optical beam displacement measurements to include multi-spatial-mode squeezed light generated using a nonlinear amplifier. In addition, we demonstrate that squeezed measures of beam displacement on segmented photodiodes like those illustrated in Fig. 1 are equivalent to the recently described truncated nonlinear interferometer (NLI) [1] illustrated in Fig. 2 for the characterization of microcantilever movement. Finally, we provide an experimental demonstration of a truncated nonlinear interferometric platform for quantum-enhanced scanning probe microscopy capable of characterizing high speed dynamics in materials with no loss of spatial resolution. The equivalence between truncated NLIs and squeezed beam displacement measures on segmented photodiodes relies on the previously developed mathematical similarity between homodyne detection and segmented photodiodes. Although homodyne detection measures changes in phase and beam displacement measures changes in distance, the two yield nearly equivalent SNRs for classical readouts and for single mode squeezed states. We show that when a truncated nonlinear interferometer is used to characterize microcantilever beam displacement, the minimum resolvable signal may be defined in terms of the amplitude difference quadratureX − =X a −X b :
We generalize the equivalence between interferometry and optical beam displacement measurements to include multi-spatial-mode squeezed light generated using a nonlinear amplifier. In addition, we demonstrate that squeezed measures of beam displacement on segmented photodiodes like those illustrated in Fig. 1 are equivalent to the recently described truncated nonlinear interferometer (NLI) [1] illustrated in Fig. 2 for the characterization of microcantilever movement. Finally, we provide an experimental demonstration of a truncated nonlinear interferometric platform for quantum-enhanced scanning probe microscopy capable of characterizing high speed dynamics in materials with no loss of spatial resolution. Fig. 1 . Relative beam displacement measurement of probe and conjugate exhibiting two-mode squeezing. The blue (A and D) and green (B and C) semicircles represent a simplified picture of the correlated coherence areas within the beams. These correlations reduce the total noise floor. Because correlations are preserved even when the probe and conjugate overlap, one segmented detector will yield the same result as a relative beam displacement measurement.
The equivalence between truncated NLIs and squeezed beam displacement measures on segmented photodiodes relies on the previously developed mathematical similarity between homodyne detection and segmented photodiodes. Although homodyne detection measures changes in phase and beam displacement measures changes in distance, the two yield nearly equivalent SNRs for classical readouts and for single mode squeezed states. We show that when a truncated nonlinear interferometer is used to characterize microcantilever beam displacement, the minimum resolvable signal may be defined in terms of the amplitude difference quadratureX − =X a −X b :
where P tot is the total local oscillator (LO) power, P 0 is the fraction of LO power that entirely overlaps with the corresponding spatial modes in the vacuum field, η d is the detector efficiency, and P i is the fraction of the LO power that partially overlaps with the ith vacuum spatial mode. The beam's imperfect overlap with the LO mathematically manifests itself as a reduced detector efficiency, η i < η d . However, by deriving the local oscillator from a seeded four-wave mixing process that is otherwise identical to that used to generate the squeezed vacuum state, the overlap of spatial modes in the squeezed state and the LO can be well optimized. The noise reduction in eqn. 1 is made up of three terms: optimal noise reduction from perfectly aligned spatial modes, sub-optimal noise reduction from imperfect overlap between LO and N vacuum spatial modes, and finally a reduction in the noise reduction from uncorrelated vacuum spatial modes that are accidentally detected in each LO. This general expression represents the noise reduction made possible by the quantum correlations in the spatial modes of the probe and conjugate, corrected for misalignment and detector inefficiency.
For conventional microcantilevers above temperatures of 1 µK, atomic force microscopy (AFM) sensitivity is limited by thermal noise at the micromechanical resonance frequency. However, even at ambient temperatures, thermal noise is small compared with photon shot noise for off-resonant measurements [2] . State of the art approaches to AFM to date have been unable to leverage the lower noise floor away from the mechanical resonance frequency with purely classical techniques. As a result, AFMs can currently only probe the RF response of materials at discrete mechanical frequencies, with slow measurements associated with micromechanical ringdown times that are highly susceptible to nonlinear dynamics. The ability to lower the noise floor beyond current classical limits would enable broadband materials characterization critical to describing electronic dynamics in complex materials with orders of magnitude faster acquisition times than are currently available. Because of the equivalence between beam displacement measurements with two-mode squeezing and truncated nonlinear interferometry that we will discuss, the more experimentally accessible approach to quantum-enhanced microscopy should be used. While previous demonstrations of squeezed beam displacement measurements relied on control over the spatial distribution of quantum correlations in squeezed states [3] , no such control is needed for truncated nonlinear interferometry so long as the same distribution of spatial modes is present in the squeezed state and the local oscillator. That mode-matching is easily achieved by deriving the squeezed state from the same four-wave mixing process as the local oscillator [4] . We will conclude by presenting experimental measures of truncated nonlinear interferometric beam displacement measures in concert with squeezed beam displacement measures obtained on segmented photodiodes as part of a discussion of the accessibility and relevance of quantum sensing to the broader imaging and microscopy communities. Fig. 2 . Dual homodyne detection. Vacuum fluctuations (green dotted line) and a coherent seed beam (blue) are injected into the NLA along with a pump beam (yellow) that provides the energy for the amplification process. After the amplifier, the probe and conjugate beams are incident on two separate homodyne detectors with strong local oscillators (LOs). The outputs of the homodyne detectors can then be added or subtracted to give the joint quadrature measurement.
